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D E T E R M I N A T I O N  O F  T H E  B E H A V I O R  O F  A S T A N D A R D  

L I N E A R  B O D Y  I N  A P L A S T O M E R E  O F  P L A N E - P A R A L L E L  S H E A R  

P .  M.  G o r b u n o v  UDC 539.374 

Cons ider  the behav io r  of a p l a s t o m e r e  containing an eas i ly  deformed ma te r i a l ,  whose local mechanica l  
p r o p e r t i e s  a r e  desc r ibed  by a model  of a s tandard  l inear  body [1-4], r ep re sen ted  by th ree  physica l  quanti t ies:  
"the ~ v i scos i ty  7, the instantaneous s h e a r  modulus G 0, and the l o n g - t e r m  shea r  modulus /~. 

A p l a s t o m e r e ,  intended for  invest igat ing nonflowing m a t e r i a l s ,  is shown schemat ica l ly  in Fig. 1, where  1 
i [sa  s tee l  p la te  r igidly connected to the ins t rument ,  2 is the spec imen  of th ickness  l, 3 is the sheared  rigid 
pla te ,  4 is an indica tor  rod r igidly at tached to the shea red  plate ,  5 is a r e t a i n e r  for  fixing the initial s ta te  of 
~Lhe s y s t e m  and fo r  producing the requi red  initial conditions of mot ion of the plate ,  6 is a pulley with a reduced 
momen t  of iner t i a  I and externa l  radius  R, M 0 is the reduced m a s s  of the sheared  plate  and the at tached rod, 
Pl and P0 a r e  the loads at tached to the shea red  plate,  u(x, t) is the d i sp lacement  function of an infinitely thin 
ve r t i ca l  l a y e r  of the m a t e r i a l  invest igated in the d i rec t ion  in which the external  fo rces  of p l ane -pa ra l l e l  shea r  
act ,  x is the axis  of coord ina tes ,  and t is the t ime .  The load P0 is connected to the plate  with a s teel  wire .  
The spec imen  used has a r igidity much  l e s s  than the r igidi ty of the ins t rument  p a r t s  [5]. In the initial s ta te  
the pos i t ion  of the rod is held r igidly by means  o f  the r e t a ine r .  At the instant  of t ime  t = 0  the upper  end of the 
:cod is r e l ea sed  f r o m  the r e t a i n e r  and the pla te  begins to move  under the act ion of the resul t ing load P = P l  + 
M0g--P 0. Then the connecting m a s s  [5] M =M 0 + (P1 +P0)/g +I/R2, where  P l /g ,  P0/g, and I /R  2 a r e  the reduced 
m a s s e s  of the ~oads Pl and P0 and of the rotat ing pulley,  and g is the acce l e ra t ion  due to g rav i ty .  It is a s sumed  
that  the fo rce  of f r ic t ion  f in the bea r ings  of the pulley is much less  than the load P, so that  it can be neglected 
[5]. This  s y s t e m  di f fers  cons iderab ly  f r o m  the p l a s t o m e r e  used in [5-7]. Its dist inguishing fea tu res  a re  as 
tbl lows.  

1. Since the s h e a r  load is the complex  quantity P=  P l - P  0 +M0g , and M=M 0 +(Pl +P0)/g +I/R2, for  the 
s a m e  values of I, R, and P, one can  i nc rea se  or  d e c r e a s e  the value of M over  a wide range  by varying Pl and 
]?0 while keeping P constant .  This  enab les  one to inves t iga te  m a t e r i a l s  both when the s y s t e m  is osci l lat ing and 
under  aper iodic  condit ions.  

2. The s y s t e m  enables one to e l iminate  f by removing  the load P0. 

Since the above v i scoe las t i c  c h a r a c t e r i s t i c s  of eas i ly  deformed m a t e r i a l s  may  depend, in pa r t i cu la r ,  on 
the t e m p e r a t u r e  T [4] and this m a y  cause  de format ion  of the spec imen,  the exper imenta l  conditions mus t  be 
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chosen to be such that one can assume the t empe ra tu r e  T and each of the cha rac t e r i s t i c s  ~/, Go, #, v to be the 
same  over  the whole volume of the specimen of a uniform mater ia l .  We will choose the deformation condi-  
tions of the specimen to be such that one can wri te  the differential  relat ion between the local relat ive defor-  
mat ion , /and the p lane-para l le l  shea r  s t r e s s  a in the form 

a q- ~a = Izu q- Vo~, (1) 

where r =~//(G0-/a ) is the relaxation t ime and G O > #. 

Suppose the length of the spec imen and the plate of the p las tomere  are  sufficiently large  compared with 
the distance between the plates l, and the external  shear  load is small ,  so that the maximum value of the s t r e s s  
does not exceed the c r i t i ca l  value for  which plast ic  flow begins.  We can then assume that the m i c r o s t r u c t u r e  
of the specimen remains  unchanged, and the deformation takes the form of a p lane-para l le l  shear .  Suppose 
also that the rigidity of the specimen is much less  than tbe rigidity of the par t s  of the p las tomere .  We will 
neglect  the deformations of the la t te r  and assume that all the elements of the reduced mass  M are  displaced 
in t ime with the same  speed and accelera t ion,  remaining paral le l  to one another.  Then, as in [5], we can as -  
sume that the m a s s  M is concentrated in an infinitely thin l aye r  on the sheared boundary S(/) of the specimen,  
where S(/) is the a rea  of contact  of the "sheared p la te - spec imen ."  Due to the shear  force  produced by the 
load P on the sur face  S(/) as ~/--oo, a p lane-para l le l  shear  s t r e s s  occurs  in the form (2) of [5]. When f<<P the 
value of f can be neglected, and when P~ f it is neces sa ry  to remove  the load P0 so that the value of f is e l im-  
inated f rom the  relat ion of the fo rm (2) in [5]. In the la t te r  case  M =M 0 +Pl /g -  All the other  neces sa ry  as -  
sumptions and approximations are  the same as in [5]. The main one of these is the assumption that the de- 
format ion  p r oce s s  is i so thermal  and that the t empera tu re  over  the whole specimen is the same.  With t he se  
assumptions  and approximations the motion of the sys tem is descr ibed by the function u(x, t) which gives the 
value of the ver t ica l  displacement  of an infinitely thin layer  of mater ia l  at a dis tance x f rom the fixed bound- 
a ry  of the specimen,  and the relat ive shea r  of this l aye r  is given by the quantity ~=t)u(x, t)/~}x (Eq. (3) of [5]). 
Using relat ion (1) we can wri te  the differential  equation for  finding the function u(x, t) in the form 

xputtt -~ putt = ~tuxx + GoTutxx, (2) 

w h e r e  p is the density of the deformed mate r ia l .  We will fur ther  assume that when t < 0 the upper end of the 
rod is fixed rigidly by the r e t a ine r  and the value of the external  load on the boundary S(/) of the specimen is 
P = 0 ,  and when t->0 the upper end of the rod is unlocked and the external  load P = P I  +M0g=c~ (or P=P1 + 
M0g--P 0 when P>>f). Then the two initial conditions of the problems can be represen ted  in the form 

u(x, 0 ) - -  O, ut(x, 0)-- 0 for 0 ~ < x ~ < l .  (3) 

We take as the third initial condition the relat ions [5] 

PUtt(x, 0)= Gouxx(x, O) for 0 <~ x < l; (4) 
SGou~:(1, 0)= P --  Mutt(l, O) for x = l. (5) 
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The  bounda ry  condi t ions  of  the  m o v i n g  m a s s  of the  s p e c i m e n  when t > 0 can  a l so  be wr i t t en  in t h e f o r m  [3] 

S[+ux(l, t)+Go~uxt(l, t ) l := P --  M[Tuttt(l, t )+ art(l, t)], u(0, t )=  0. (6) 

Re la t ions  (4)-(6) show that  at the  init ial  ins tan t  when the  load P i t  = 0) ac t s  the  s p e c i m e n  behaves  as  an 
idea l ized  e las t ic  s y s t e m ,  and when t > 0 it a c t s  as  a v i s c o e l a s t i c  s y s t e m .  Thus at the ins tan t  t = 0 the s y s t e m  
is in i ts  ini t ial  na tu ra l  s t a te  [1, 21, and due to  the ac t ion  of the load 1 ) at any instant  of t ime  t->0 the s t r e s s  
and d e f o r m a t i o n  in the  s p e c i m e n  p r o p a g a t e  with a f ini te  ve loc i ty  not exceeding the ve loc i ty  of sound [8], and 
the  r e l axa t ion  p r o c e s s e s  due to the r e s i s t i v e  f o r c e s  of in te rna l  f r i c t ion  a r e  r e t a r d e d  with r e s p e c t  to the in-  
s tan ts  of p r o p a g a t i o n  of the s t r e s s  in the d e f o r m e d  d i s t r ibu ted  m a s s .  In view of these  phys i ca l  p r o p e r t i e s ,  
the  na tu r e  of  the  r e d i s t r i b u t i o n  of the  f o r c e s  at the boundary  S(/) of  the  s p e c i m e n  can  be e x p r e s s e d  by a con-  
di t ion of the f o r m  (5) when t = 0 ,  and by an e x p r e s s i o n  of the f o r m  (6) when t > 0, while ins ide  the s p e c i m e n  
and c l o s e  to the  bounda ry  S(/) it is e x p r e s s e d  by e x p r e s s i o n  (4) when t = 0 ,  and by (2) when t > 0, r e spec t ive ly .  

All the  coe f f i c i en t s  f o r  the pa r t i a l  de r i va t i ve s  in (2)-(6) a r e  a s s u m e d  to be cons tan t .  Equat ion (2) and 
(3)-(6) d i f fe r  f r o m  the  p r o b l e m  c o n s i d e r e d  in [5] by the  p r e s e n c e  of t e r m s  with the coef f ic ien t  # and the  quan -  

t i ty  1) 0 . 

In addi t ion,  w h e r e a s  when so lv ing  the  p r o b l e m  f o r  a Maxwel l ian body the  t h i r d - o r d e r  init ial  equat ion in 
t i m e  t (see (4) in [5]) can  be  c o n v e r t e d  m a t h e m a t i c a l l y  into a s e c o n d - o r d e r  equat ion with nonuni fo rm initial 
condi t ions ,  whi le  the  so lu t ion  of the  p r o b l e m  can  be s impl i f i ed  and reduced  m a t h e m a t i c a l l y  in the  final ana lys i s  
to  the  so lu t ion  of a s e c o n d - o r d e r  d i f fe ren t ia l  equat ion without  s ingu la r i t i e s  of the  type  (4) and (5) (see (6) and 
(7) in [5]), in this  c a s e  Eq. (2) does not lend i t se l f  in p r inc ip l e  to  this  m a t h e m a t i c a l  t r a n s f o r m a t i o n ,  and when 
de t e rmin ing  the  t r a n s i e n t  p a r t s  of  the  r e q u i r e d  d i s p l a c e m e n t  funct ion of the  spec imen ,  s ingu la r i t i e s  of the 
type  (4) and (5) r e m a i n ,  and effect  the  p r o c e s s  and the r e s u l t  of  the so lu t ion  of ou r  p r o b l e m .  Note tha t  a s i m -  
i l a r  p r o b l e m  but with d i f f e ren t  ini t ial  and boundary  condi t ions  is c o n s i d e r e d  in [2, 3]. 

Sepa ra t ing  the  v a r i a b l e s  in Eqs .  (2)-(6), the  solut ion of p r o b l e m  (2) c an  be wr i t t en  in the f o r m  

o o  t : sin ~k sin 1~ -T  - 
u(x ,  t) = vx -t- 4veh= ' gk (2gk + sin2gh) e 

whe re  flk is the pos i t i ve  so lu t ion  of the  equat ion 

----~t 
Che r + e (M h cos wht A- N h sin wht ) , 

3~ 2 + p~ (7) 

ctg[~ = M~J/pIS. (8) 

H e r e  we have in t roduced  the fol lowing nota t ion:  

C~ = (G O - -  +) ~ / p l  ~ + 2/9~ 2 - -  ~ / 3 ~  --  a~, 

Mk ----- 1/9~ 2 + ~ / 3 ~  - -  2a~ --  ~+/pl  2, 

Nk = ak P~ + 6~ 2 pl ~ J �9 3~ 

wh = V 3  (vh + ph/3v.)/2, p,  = Go~/pl 2 --  t/3"(', 

qk = (+ - -  Go/3) [~2/+p/+ + 2/27za ' v = P/S+, 

Dh = pi/27 + q~/4 > O. (9) 

An e x p r e s s i o n  of f o r m  (7), taking (8) into account ,  only holds when D k > 0 in (9). When Dk< 0 e x p r e s s i o n  (7) 
:may con ta in  ape r iod ic  so lu t ions  of the  equat ion f o r  the t r a n s i e n t  p a r t  of the  r equ i red  funct ion u(x, t). To de -  
t e r m i n e  the l imi t s  of appl icabi l i ty  of (7) it is  bes t  to conve r t  Dk in (9) to  the  f o r m  

D~ = { y ~ -  bye~4 + a 3} +3~/27p3/+, (10) 

w h e r e  

b=a2~-18a--27; a=Go/+. (11) 

']:he roo t s  of the t r i n o m i a l  a r e  yk {l) = b / 8 - - 4 ~ ,  y{_2) = b / 8  +4-~, w h e r e  d = ( a - l ) ( a - 9 ) 3 / 6 . 4  The condi t ion  fo r  D k 
. . . . . . .  K < (:t) n > > (2~" . :t) iin (9) to  be pos t t t ve  ts sa t t s f t ed  m the  fol lowing c a s e s  Yk Yk whe d 0 o r  Yk Yk w_hen d>  0, and yk ~:y~ = 

y~)  =b/8  when d = 0  and f o r  al l  Yk when d < 0 (1 < a <  9). (We wil l  hence fo r th  a s s u m e  a > 1, which is a lways  
sa t i s f i ed  f o r  the mode l  chosen) .  
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If a > 9, Ln which ca se  Yk l ies  in the range  

b/8 - -  V - d ' <  yh < b/8 -I- V-d,, (12) 

t h e n  Dk< 0. Hence,  Eq. (2) in this  c a s e  when a > 9 m a y  contain the above-ment ioned  aper iodic  solutions in 
the  sum of the s e r i e s  of t r ans i en t  functions in an exp re s s ion  of the f o r m  (7). We will cons ider  the ca se  when 
such solut ions exis t .  Suppose Slp /M<< 1, which is pa r t i a l ly  rea l i zed  in p rac t i ce .  Then, the roots  of Eq. (8) 
can  b e  r e p r e s e n t e d  in the f o r m  [8] 

~1 ~ V p l S / M ,  ~k ~. (k - -  t)• -t- 2plS/M. 

We will a s s u m e  that  one of t hem,  e.g.,  ill, which occu r s  in r e l a t ion  (]1), s a t i s f i e s  the inequali ty Yt > b /8  + 
when a > 9. Then, one can obtain the values  of Yk lying in the range  (12) and the reby  giving r i s e  to t h e p r e s e n c e  
of the above-ment ioned  aper iodic  solut ions in the sum of the s e r i e s  of the f o r m  (7). These  s i tuat ions can be 
expected when invest igat ing the behav io r  of r u b b e r  in the p l a s t o m e r e  [4]. 

We will show that  when e l a s t o m e r s  (which a r e  in a highly e las t ic  s ta te)  a r e  de formed  in a p l a s t o m e r e ,  
the t r ans i en t  function of the solut ion of the fo rm (7) m a y  actual ly  contain aper iodic  solut ions.  To do this we 
wLll wr i t e  the  inequal i t ies  (12) in t e r m s  of the actual  p a r a m e t e r s  of the spec imen  and the appara tus  used.  We 
will take a s p e c i m e n  of length h=10  cm,  l = 0 . 4  cm,  8=20  cm 2, P0=10 s dyne, P = 3 "  104 dyne, 71=103 P, G0"#  = 
3" l0  s d y n e / c m  2, # = 3 -  103 d y n e / c m  2, p =1 g / c m  3, and I/R2 =40 g. Then M=2.07"  103 g. We will exp re s s  in- 
equalLty (12) f o r  the f i r s t  t e r m s  of the sum of the s e r i e s  of t h e  expansion of the t r ans i en t  pa r t  of the function 
(7) with p a r a m e t e r  1~1 ~ ] / - p l S / M  ~ i in the f o r m  

(G~o/tt 2 "4- iSG0/l~ - -  27)/8 - -  V (Go/t~ - -  i)(G0/l~ - -  9)3/64 < Pl~/'~ ~" l~2~< 

" < (G2ol~ 2 -b tSG0/~t - -  27)/8 + V(Gol~t - -  i)(G0/~t - -  9)a/64. 

Substituting into th is  equali ty the values  of the p a r a m e t e r s  employed (with the approx imat ions  ~/(G0/P--1) • 
~ ( G 0 / p - 9 ) ~ / 6 4  ~ 1104 and M--- 2 �9 103 g), weob ta in  Yl ~ 1 . 2 - 1 0 3 ,  y~) --- 2.6-103, y~) ~- 395, i .e . ,  395< Yl < 2.6.103.  

If we subst i tu te  into (12) the p a r a m e t e r  ~2 ~ ~ ~- 2plS/M,  then Y2 turns  out to be l ess  than 395, i .e. ,  
Y2 -~1.6. Hence,  under  the expe r imen ta l  conditions employed the f i r s t  t e r m s  with fll in the sum of the expan-  
s ion in s e r i e s  of the  t r ans i en t  p a r t  of the function of the f o r m  (7) r e p r e s e n t  aper iodic  mot ion of the deformed 
m a s s ,  while the t e r m s  following them with/72, f13, f14 . . . .  r e p r e s e n t  osc i l l a to ry  mot ion.  

Hence,  when de te rmin ing  the phys ica l  quant i t ies  ll, G 0, ~, and v and a lso  when set t ing up and p r o c e s s i n g  
p r o g r a m s  fo r  ca lcula t ing them on a c o m p u t e r  using equations of the f o r m  (7) one m u s t  b e a r  in mind all kinds 
of s i tuat ions that  can  a r i s e  when a > 9 and Yl > b /8  +vr~ - (or Yl > b / 8 - ~ - ~ .  The solution of the f o r m  (7) when 
# = 0 ,  as might  have been  expected,  r educes  to the r e su l t  obtained in [5]. If we put M =0 in (7) and pass  to the 
l i m i t  as  ll -. .o, Eq. (7) a g r e e s  with the solut ion of the analogous p r o b l e m  for  an ideal ized e las t ic  s y s t e m  [5]. 
Since in our  ca se  the m a s s  M = (PI +M0g)/g (or P l / g  +P0/g +M0, when P>>f), the l imi t  of exp re s s ion  (7)as l} _.oo 
is a lso  of i n t e r e s t  when M ~0, 

u (x, t) = x --  41 ~ sin fl h s~n I~ - i-  cos l~h t 
iz=i ~k (21~h �9 sin 2i3h) J" (13) 

Hence,  the solut ion of f o r m  (7) is m o r e  gene ra l  than  that  g iven in [5]. It can  be used to de sc r ibe  the 
mot ion  of a s tandard  l inea r  body, a Maxwell ian body, and a lso  to inves t iga te  m a t e r i a l s  with high v i scos i ty  

07 --:~). 

It is  s een  that  (7) contains the  ma in  local  (including the v i scoe las t i c  c h a r a c t e r i s t i c s  of the spec imen  
(p, G O , ti, 77, v) and the technical  c h a r a c t e r i s t i c s  of the ins t rument  and the externa l  load (P, M, S, l, Yk, ~ Wk) 
in t h e i r  ~xtreliidly complex  re la t ionsh ips .  In this  connect ion Eq. (7), which is a function of the c reep ,  is spe -  
cif ic  and fo r  this  r e a s o n  is su i table  for  descr ib ing  specif ic  expe r imen ta l  s i tuat ions.  The solution of fo rm (7) 
can  a lso  be used  as one of the initial  functions both when de termining  the v i scoe las t i c  p r o p e r t i e s  of spec imens  
and fo r  p red ic t ing  the mechan ica l  behav io r  of v i scoe las t i c  m a t e r i a l s  that  a r e  eas i ly  de fo rmed  under  shea r ,  
which occurs  in technical  s y s t e m s  when sma l l  ex te rna l  concent ra ted  loads a r e  applied.  

The author  thanks G. Ya. Korenman ,  I. A. Lyk 'yanov,  I~. G. Poznyak,  and E. S. Savin for  t he i r  in te res t  
and fo r  d i scuss ing  the  resu l t s .  
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Technological  p r o c e s s e s  and expe r imen ta l  r e s e a r c h  involving the detonation of explosives  
mus t  ensure  the containment  of the detonation products ,  the safety  of personnel ,  and the 
p ro tec t ion  of equipment.  Frequent ly  the t e s t  conditions impose  rigid r equ i remen t s  on the 
s ize  and weight of the ve s s e l s  designed to local ize  the effect  of pulsed loads of var ious  kinds. 
P r e s s u r e  v e s s e l s  fo r  opera t ion  under  s ta t ic  loads, where  the control l ing p a r a m e t e r  is the 
p r e s s u r e ,  a r e  commonly  of m u l t i l a y e r  const ruct ion.  As a consequence of the stopping of 
c r a c k s  in the s epa ra t e  l aye r s  [1, 2] this cons t ruc t ion  can inc rease  the level  of the working 
p r e s s u r e  and aver t  the ca tas t roph ic  rup tu re  of the whole s t ruc tu re .  It is of in te res t  to in-  
ves t iga te  the behav io r  of m u l t i l a y e r  shel ls  under  pulsed loads of var ious  duration.  

We have invest igated the effect of an in ternal  explosion on closed cyl indr ica l  ve s se l s  with an outside 
radius  R 0 and a t5tal  wall  th ickness  6 o (Fig. 1) filled with a i r  at normal  a tmospher i c  p r e s s u r e .  

The d i f ference  in durat ion of the pulsed loading was achieved by different  schemes  for  loading the vesse i  
wai ls .  In the f i r s t  c a se  (Fig. la) the ves se l  walls  we re  loaded by detonation products ,  and in the second (Fig. 
lb) by the impac t  of a thin auxi l ia ry  shell  3 acce le ra t ed  by the detonation products .  

The ves se l s  we re  made  of Khl8N10T austeni t ic  s ta in less  s teel  (as received)  and had the s a m e  g e o m e t r y  
but differed in the design of the cas ing 1. A s ing l e - l aye r  cas ing was made  of tubular  s tock (GOST 5632-61) 
and had one welded joint along a gene ra to r  of the cyl inder .  The casing was joined to a s e a m l e s s  co re  2 of 
th ickness  6' = 2 m m  (Fig. 1) with no gap between them.  A mu l t i l aye r  cas ing was made  by winding five l aye r s  
of m i l l i m e t e r  shee t  (1 GOST 3680-71) of width 4R 0 onto the co re  as in [1] with negligible c l ea r ance  between 
l aye r s ;  the inside and outside ends of the sheet  we re  welded. The cove r s  of the ves se l s  4 were  attached with 
t~'elve M 16 bol ts .  The initial  mechan ica l  p r o p e r t i e s  of the m a t e r i a l s  of the s i n g l e - l a y e r  and mul t i l aye r  c a s -  
ings de te rmined  on s am p l e s  of identical  d imensions  under  s teady tension at a s t r a in  ra te  of 5 �9 10-~/sec a re  
l i s ted in Table  1. 

A spher i ca l  explosive  cha rge  of radius  r (50 wt. % TNT, 50 wt. % hexogen, densi ty  1.65 g / c m  ~) wasp l aced  
at the c en t e r  of the vesse l .  The cha rge  was f i red f r o m  the cen te r .  All the expe r imen t s  were  p e r f o r m e d  at 
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